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The non-interacting magnon gas description in ferromagnets breaks down at finite magnon den-
sity wherein momentum-conserving collisions between magnons become important. Observation
of the collision-dominated regime, however, has been hampered by the lack of probes to access
the energy and lengthscales characteristic of this regime. Here we identify a key signature of the
collision-dominated hydrodynamic regime — a magnon sound mode — which governs dynamics at
low frequencies and can be readily detected with recently-introduced spin qubit magnetometers.
The magnon sound mode is manifested as an excitation of the longitudinal spin component with
frequencies below the spin wave continuum in gapped ferromagnets. At sufficiently large frequencies,
the sound mode is damped by viscous forces. The hydrodynamic sound mode, if detected, can lead
to a new platform to explore hydrodynamic behavior in quantum materials.
Introduction — The presence of conservation laws can
alter the dynamics and transport behavior of interacting
quantum systems in dramatic ways. One such example is
the recently observed hydrodynamic regime in graphene,
wherein fast momentum-conserving collisions lead to vis-
cous electron transport[1–6]. Although vigorous efforts
are currently underway in understanding hydrodynamic
behavior in a variety of quantum systems, table-top re-
alizations of the hydrodynamic regime, and probes to
access them, are still rare.
Here we propose a new platform to study hydrodynam-
ics, namely, an interacting magnon fluid, and an experi-
mental protocol to detect hydrodynamic behavior using
spin qubit magnetometers[7, 8]. In particular, we show
that a magnon gas describing low-energy excitations in
a ferromagnet can enter the hydrodynamic regime in a
wide range of temperatures and frequencies. As we ar-
gue below, the description of large wavelength excita-
tions in terms of ballistically-propagating magnons, or
spin waves, relies on a vanishingly small magnon-magnon
collisions which render relaxation processes at the bot-
tom of the band very inefficient. However, as temper-
ature increases and the thermal magnon population oc-
cupies larger momentum states, momentum conserving
collisions give rise to a relaxation length which steeply
decreases with temperature:
ξ ≈ λa
z
(
J
T
)5/2
. (1)
Here a is the lattice spacing, T is the temperature, J is
the exchange coupling, z = e−µ/T is the magnon fugac-
ity (µ: chemical potential), and λ ∼ 15 is a numerical
prefactor which we estimate below. Although Eq.(1) was
obtained for a two-dimensional ferromagnet and z  1,
the results extrapolates accurately even to z ≈ 1 (the
power of 1/T changes to 7/2 in 3D ferromagnets). For
an intermediate temperature range such that Umklapp
scattering can be neglected (T  J), but large enough
such that ξ  L for some characteristic system length
L, hydrodynamic behavior emerges. For instance, for
a typical ferromagnet (J ∼ 100 meV, a ∼ 0.3 nm) at
room temperature T ∼ 25 meV and z ≈ 1, the relaxation
length ξ ∼ 100 nm is much smaller than a typical system
size.
A key signature of momentum-conserving collisions is
the existence of a sound mode. As shown in Fig.1, the
sound mode is manifested as an excitation of the longi-
tudinal spin correlator, 〈SˆzSˆz〉, where Sˆz is related to
the magnon density n via 〈Sˆz〉 = S(1 − n). As a result,
spin fluctuation measurements can provide clear-cut sig-
natures of the sound mode, as shown below.
The hydrodynamic description described here differs
from previous descriptions which assume momentum re-
laxation due to Umklapp scattering (T ≈ J) or due
to disorder, as first described in the seminal work of
Halperin and Hohenberg[9]. These momentum-relaxing
FIG. 1. Spectral function χ(q, ω) = χ+−(q, ω) + χ−+(q, ω) +
4χzz(q, ω) exhbiting single magnon excitations at the Zeeman
energy ∆ = J/10, induced by a finite 〈S−S+〉, and a linearly
dispersing sound mode at low frequencies induced by magnon
density fluctuations, 〈SˆzSˆz〉. The sound mode survives up to
frequencies ω∗ [see Eq.(18)] wherein viscous forces damp the
hydrodynamic excitations.
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2effects give rise to diffusive particle and energy trans-
port. Although a few authors [10–12] made the case
for momentum-conserving hydrodynamic behavior in a
magnon gas at the same time as Ref. [9], no experimen-
tal signature of this regime has been observed to date.
Arguably, the energy scales (∼meV) and wavevectors
(∼ 1/a) accessible by neutron scattering, the most com-
mon probe of ferromagnets at the time, were too large to
access the low frequency, long-wavelenth regime in which
hydrodynamic sound modes live.
We argue that the conditions for the observation and
study of sounds modes have already been met in a recent
experiment by C. Du, et al.[13]. First, ultraclean ferro-
magnetic materials, such as Yttrium-Iron-Garnet (YIG),
allow ballistic propagation of magnons in macroscopic
scales without scattering by impurities. Second, inde-
pendent control of temperature and chemical potential
is now possible via a combination of heating and driv-
ing and, therefore, enables us to explore all possible
regimes from non-interacting magnon gases to interacting
magnon fluids. Finally, magnetic spectroscopy with spin
qubits allows to access spin fluctuations at the energy
and lengthscales relevant for the hydrodynamic sound
mode. Besides spin waves[13, 14], such probes have
been successfully applied for imaging single spins[15],
and domain walls[16], and to study electron transport in
metals[17]. The have also been proposed to access the hy-
drodynamic regime in graphene [18] and one-dimensional
systems[19], to study magnon consensation [20] and mag-
netic monopoles in spin ice[21], and to diagnose ground
states in frustrated magnets[22].
Before proceeding to the details of the model, we high-
light features of the magnon fluid to distinguish it from its
classical and electronic counterparts. First, the collision
between magnons is strongly constrained by SU(2) sym-
metry, giving rise to a strongly momentum dependent
magnon-magnon interaction[23, 24], see Eq.(5). Second,
rather than sound modes, electron fluids host plasmon
modes because longitudinal charge fluctuations are me-
diated by long-ranged Coulomb interactions[25]. Third,
contrary to classical and electron fluids where particles
cannot be physically created or annhiliated, conserva-
tions laws are not as robust in a magnon fluid and,
therefore, should be subject to scrutiny. In particular,
magnon number is only conserved approximately due
to, for instance, dipolar interactions. As we argue be-
low, because collisions are mediated by exchange cou-
pling J ∼ 100 meV, which is much larger than any other
energy scale (or time scale) related to magnon leakage,
there is a large window of frequencies were particle num-
ber remains conserved and, therefore, the sound mode is
a well defined excitation.
Microscopic model — To make direct contact with ex-
periments, we assume a thin film Heisenberg ferromagnet
in the presence of an out-of-plane Zeeman field such that,
in the temperature range of interest, the system is effec-
tively a 2D magnetically ordered ferromagnet:
HˆF = −J
∑
〈jj′〉
Sˆj · Sˆj′ + ∆
∑
j
Sˆzj . (2)
Here j labels the lattice site,
∑
〈jj′〉 denotes summation
over nearest neighbors, and we take periodic boundary
conditions in each spatial direction. We assume that
the spin system has N lattice sites on a square lattice,
each containing a spin S degree of freedom which satis-
fies the commutation relations [Sˆzj , Sˆ
±
j′ ] = ±δjj′ Sˆ±j and
[Sˆ+j , Sˆ
−
j′ ] = 2δjj′ Sˆ
z
j , with Sˆ
±
j = Sˆ
x
j ± iSˆyj the raising and
lowering spin operators. The Zeeman term is essential to
our discussion as it allows to separate the magnon con-
tinuum from the gapless sound mode. To leading order,
it also allows us to neglect the dynamics of the order
parameter. Although the latter can be introduced via
emergent gauge fields [26–29] such that magnons can in-
teract with magnetic textures, here we only focus on the
manifestations of momentum-conserving collisions.
It is clear from Eq.(2) that energy and total number of
spin excitations, or spin flips, is conserved, [Hˆ,∑j Sˆzj ] =
0. Momentum conservation, however, is less obvious. We
recall that one magnon states |k〉 = Sˆ+k |F〉, where |F〉 =
| ↓↓ . . . ↓〉 is the ferromagnetic ground state and Sˆ+k =∑
j
e−ik·rj√
N
Sˆ+j , are exact eigenstates of HˆF with energies
εk = ∆ + JS(γ0 − γk), γk =
∑
τ
eik·τ . (3)
Two magnon states |k,p〉 = 12S Sˆ+k Sˆ+p |F〉, however, are
not eigenstates of HˆF[23, 24, 30]. Indeed, it is straight-
forward [31] to show that
HˆF|k,p〉 = (εk + εp)|k,p〉+
∑
q
gk,p,q|k + q,p− q〉,
gk,p,q =
J
N
(γq − γq−p − γq+k + γk+q−p) ,
(4)
such that one magnon states are coupled via the inter-
action gk,p,q. When incoming and outgoing magnons
are close to the bottom of the band, and considering
energy conservation, the collision term takes the form
gk,p,q ≈ Ja2N (k · p). This characteristic (k · p) interac-
tion, which arises from the global SU(2) symmetry, jus-
tifies why magnons propagate ballistically when |k| → 0.
We can now derive a continuum description of the in-
teracting magnon fluid which captures all the features
of the parent Hamiltonian (2), namely, momentum and
magnon number conservation and the (k ·p) dependence
of the collision term. If the magnon density is small,
na2  1, we can describe the magnon fluid as a bose gas
with kinetic energy εk, Eq.(3), and the two-body inter-
action in Eq.(4). Further, close to thermal equilibrium
at T  J , only small k vectors are occupied. As such,
3we expand the kinetic and interaction terms at low mo-
menta,
HˆF =
∑
k
εkaˆ
†
kaˆk +
Ja2
N
∑
kpq
(k · p)aˆ†p+qaˆ†k−qaˆpaˆk, (5)
where εk ≈ ∆+k2/2m is the magnon kinetic energy, and
m = 1/2JSa2 is the magnon mass. Equation (5) is the
starting point for our hydrodynamic theory.
Magnon hydrodynamics — When only magnons close
to the bottom of the band are occupied, the scattering
matrix elements for magnon collisions can be taken as
a small parameter. As a result, a kinetic description of
the magnon fluid is suitable, and all thermodynamic and
transport coefficients can be computed to leading order
in the interaction strength. Our starting point is the
kinetic equation,
[∂t + vk · ∇r + F · ∇k]nk(r, t) = Ik, (6)
where nk = 〈aˆ†kaˆk〉 is the time-dependent average oc-
cupation number of state k, F is a fluctuating force,
vk = k/m is the magnon velocity, and Ik is the colli-
sion integral (~ = 1):
Ik = 2pi
N2
∑
pq
|Mi→f |2 [nknp(1 + nk+q)(1 + np−q)
−(1 + nk)(1 + np)nk+qnp−q] δ(εi − εf).
(7)
In Eq.(7), Mi→f = Ja2(k · p) is the transition matrix
element, and εi = εk + εp (εf = εk+q + εp−q) is the
energy of the initial (final) state of the two-magnon col-
lision. Equation (7) is valid because the thermal length
ξth = 1/
√
mT is much smaller than the relaxation length,
ξth/ξ ∼ (T/J)2  1 [see Eq.(1)], such that collisions
between magnons are independent and, therefore, phase
interference effects can be ignored. The quantities of
interest are the magnon density n, momentum density
Pα = nmuα, and thermal energy Θ = nθ, defined as nPα
Θ
 = ∫ dk
(2pi)2
 1vk,α
θk
nk(r, t), (8)
where θk = mv˜
2
k/2, and v˜k,α = vk,α − uα is the rela-
tive velocity. Thermodynamic equilibrium (Ik = 0) is
guaranteed by the distribution function
n¯k(T, z, wα) =
1
z−1eθk/T − 1 , θk =
m
2
(vk −w)2, (9)
with thermodynamic potentials (T, z, wα), with z defined
z = e−µ/T . We stress again that z can be controlled
independently of T in the presence of driving. The values
of (n, uα, θ) in thermal equilibrium are given by
n¯ =
mT
2pi
g1(z), u¯α = wα, θ¯ =
Tg2(z)
g1(z)
. (10)
Here gν(z) is the Bose integral, gν(z) =
1
Γ(ν)
∫∞
0
dyyν−1
ey/z−1 ,
with Γ(ν) the Gamma function. In what follows, we will
focus on an equilibrium distribution with wα = 0.
Fluctuations of the distribution function nk = n¯k+δnk
lead to particle number, momentum, and energy cur-
rents, given by
Jα = nuα,
Παβ = mnuαuβ +mPαβ , Pαβ =
∫
dk
(2pi)2
v˜k,αv˜k,βnk,
Qα = nθuα + qα, qα =
∫
dk
(2pi)2
θkv˜k,αnk,
(11)
respectively, with Pαβ the pressure tensor, and qα the
heat current. The continuity equation for each of the
quantities ηj = (n, uα, θ), η˙j+∇r ·Jηj = Fηj , with Fηj =∫
dk
(2pi)2 (F · ∇kηj)n¯k yield the hydrodynamic equations
n˙+ ∂α(nuα) = 0,
u˙β + uα∂αuβ =
Fβ
m
− 1
n
∂αPαβ ,
θ˙ + uα∂αθ = − 1
n
∂αqα − 1
n
Pαβ∂αuβ .
(12)
We estimate dissipation effects within the relaxation
time approximation. This approximation allows to re-
late the nonequilibrium magnon density to gradients in
ηj = (n, uα, θ), nk = n¯k + τk
∑
j(∂n¯k/∂ηj)(∂t + vk ·
∇r)ηj , where τk is a characteristic relaxation time de-
fined as 1τk =
δIk
δnk
= γk(z)T
2(ka)2/J . As shown in
the Supplement[31], the dimensionless function γk(z) de-
pends weakly on k and can be well approximated as
γ(z) ≈ cz, with c ∼ 0.1. The relaxation length in
Eq.(1) can be obtained from ξ = kthτkth/m, where
kth =
√
2Tg2(z)/mg1(z) is the thermal momentum. Ex-
pressing δnk in terms of gradients of (n, uα, θ), assuming
that they are small, and using cylindrical symmetry, al-
lows us to write Pαβ and qα as
Pαβ =
nθ
m δαβ + µ (∂αuβ + ∂βuα − δαβ∂γuγ) ,
qα = κn∂αn+ κθ∂αθ.
(13)
In the case of a two-dimensional magnon gas with
quadratic dispersion and collision rate of the form 1/τk ∝
k2, we find [31] that, within the relaxation time approx-
imation, dissipation is dominated by the viscous effects
µ(T, z) = pi2
g1(z)
γ(z)
J2
T , whereas particle and energy diffusion
are second order effects dominated, for instance, by devi-
ation from quadratic dispersion; as such, we set qα → 0.
The sound mode becomes evident when computing re-
sponse functions. Because we are interested in spin fluc-
tuations, which are directly accessible with noise magne-
tometry, here we focus on longitudinal spin fluctuations
as quantified by the retarded correlator
χzz(q, ω) = −i
∫ ∞
0
dteiωt
∑
τ
e−iq·τ 〈[Sˆzi (t), Sˆzi+τ (0)]〉,
(14)
4FIG. 2. Relaxation time [normalized by sinh(ω/2T )] of a spin
qubit located a distance d from the 2D ferromagnet. Besides
the characteristically large relaxation rate induced by spin
relaxation due to emission of spin waves at energy ∆, the
relaxation rate exhibits a peak below the ferromagentic gap
induced by emission of sound modes with velocity vs. Param-
eters used: z = 0.9, T/J = 0.2, ∆/J = 0.1, a = 0.3 nm, and
d = 20 nm.
which is equivalent to computing density fluctuation be-
cause Sˆzi = −S(1− nˆi). In thermal equilibrium, the fluc-
tuation amplitude can be computed from the response
function due to an external force F , see Eq.(12). With
this objective in mind, we first linearize hydrodynamic
equations around the equilibrium values, n(r, t) = n¯ +
δn(r, t), θ(r, t) = θ¯+ δθ(r, t), and uα(r, t) = δuα(r, t)√
T/m, and go to momentum space: ω −n¯q 0−θ¯q/mn¯ ω + iµq2/n¯ −q/m
0 −θ¯q ω
 δnδp‖
δθ
 =
 0iF‖
0
 .
(15)
Here we defined δp‖ = mδu‖ as the longitudinal momen-
tum which is coupled to δn and δθ, and gives rise to two
propagating modes and one diffusive mode. The trans-
verse momentum component, δp⊥, which does not couple
to δn, gives rise to a diffusive mode, (ω + iµq2/n¯)δp⊥ =
iF⊥. From Eq.(15), it is straight-forward to compute the
response function and derive the density-density correla-
tor:
χzz(q, ω) =
JS2(n¯qa2)2
ω2 − 2θ¯q2/m+ iµωq2/n¯ , (16)
which exhibits a linearly dispersing sound mode:
ω = vsq, vs = a
√
2JTg2(z)/g1(z). (17)
The sound mode survives up to a temperature and
chemical-potential-dependent frequency ω∗, given by
ω∗ =
2γ(z)
pi2
g2(z)
g1(z)
T 3
J2
, (18)
above which it gets damped by viscous forces.
Detection of the sound mode — We consider a spin-1/2
qubit with an intrinsic level splitting ω placed a distance
d above the magnetic insulator. The combined dynamics
of the qubit and ferromagnet is governed by the Hamil-
tonian Hˆ = HˆF + HˆF−q + Hˆq, where HˆF was defined in
Eq.(2), and Hˆq is the spin qubit Hamiltonian Hˆq = 12ωσz
with polarizing field assumed to be aligned in the z direc-
tion. The term HˆF−q is the qubit-ferromagnet coupling
induced by dipolar interactions:
HˆF−q = µ
2
B
2
σˆ · Bˆ, Bˆ = 1
4pi
∑
j
[
Sˆj
r3j
− 3(Sˆj · rj)rj
r5j
]
,
(19)
where rj = (xj , yj ,−d) is the relative position between
the i-th spin in the 2D lattice and probe. The relax-
ation time of the spin qubit can be obtained from Fermi
Golden’s rule[31]:
1
T1
=
µ2B
2
∫ ∞
−∞
dteiωt〈{Bˆ−(t), Bˆ+(0)}〉, (20)
where {, } denotes anticommutation. Replacing Eq.(19)
into Eq.(20) and using the fluctuation-dissipation theo-
rem, the relaxation time can be expressed in terms of
spin correlation functions:
1
T1
= coth
( ω
2T
) µ2B
2a2
∫
d2q
(2pi)2
e−2|q|d|q|2 [χ′′−+(q, ω)
+χ′′+−(q, ω) + 4χ
′′
zz(q, ω)
]
,
(21)
where we denote χ′′αβ = −Im[χαβ ], and χRαβ(q, ω) =
−i ∫∞
0
dt〈[Sˆα−q(t), Sˆβq (0)]〉. Figure 1 shows the integrand
of Eq.(21), and Fig.2 shows the spin relaxation time as
a function of ω induced by longitudinal and transverse
spin fluctuations (we assumed a constant magnon popu-
lation n¯ and T ). The correlators χ±∓(q, ω) are related to
single-magnon production/absorption, which we assume
to be given by χ−1+−(q, ω) = ω − ωq + iΣ′′(q, ω), where
Σ′′(q, ω) ∼ TωJ (qa)2 (valid for z ∼ 1 and ω  T ) is the
imaginary part of the self-energy computed from the sun-
rise diagram, see inset of Fig.2 and details in [31]. We also
note that, in Fig.2, we normalize 1/T1 with coth(ω/2T )
to capture the spectral contribution of spin fluctuations
rather than its amplitude.
Figure 2 is the main result of this work, and shows a
clear fingerprint of the sound mode within the gap of the
ferromagnet. Because of the distance dependence of the
dipolar interaction introduced by the term |q|2e−2|q|d in
Eq.(21), the frequency of the peak in Fig.2 depends on
the inverse qubit-sample distance d.
Dipolar interactions — Dipolar interactions is one im-
portant mechanism of magnon decay via three-magnon
processes, particularly in thin layers with a canted fer-
romagnetic order parameter. Assuming the steady-
state distribution in Eq.(9), we can estimate the typi-
cal magnon decay time induced by a dipolar term Hˆd =
gd
2
∑
jj′
[
Sˆj ·Sˆj′
r3
jj′
− 3(Sˆj ·rjj′ )(Sˆj′ ·rjj′ )
r5
jj′
]
, with gd = µ
2
B/4pi.
5This gives values [31] on the ballpark 1n¯
dn¯
dt ∼ g
2
d
J (z
2 −
z3) ∼ MHz, several orders of magnitude smaller than the
typical GHz frequencies that typical spin-qubit magne-
tometers can access. As a result, sound modes are ex-
pected to be well defined excitations in a wide range of
frequencies, from MHz to several GHz.
Conclusion — Our predictions, which can be tested
in current experiments using spin qubit magnetometers,
provide distinct signatures of momentum conserving hy-
drodynamics in ferromagnets. Although the sound mode
is its most distinctive feature, the strong momentum
dependence of the magnon-magnon interaction suggests
that ferromagnets can also host anomalous hydrody-
namic behavior not achievable in classical and electron
fluids.
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The outline of the Supplement is as follows. In Sec. A, we show a derivation of the two magnon collision term
of the Heisenberg model which follows closely Ref. [24]. In Sec. B, we numerically evaluate the magnon relaxation
time due to exchange coupling. In Sec. C, we compute the viscocity of the magnon fluid using the relaxation time
approximation. In Sec. D, we evaluate the sunrise diagram which gives rise to a finite linewidth to the single magnon
emission/absorption process. In Sec. E, we provide the computational steps to obtain Eq.(21) of the main text. Finally,
in Sec. F, we provide a detailed discussion of dipole-dipole interactions and estimate the typical magnon leakage rate.
A. EIGENSTATES OF THE HEISENBERG FERROMAGNET
To illustrate the origin of the collision term in Eq.(4), here we calculate the eigenstates of the Heisenberg Hamiltonian
for increasing magnon number. The discussion closely follows that in Ref. [24]. Given that [Hˆ,∑i Szi ] = 0, we can
label eigenstates with the total number of spin flips. Before computing the eigenstates, it is useful to first write the
Hamiltonian in momentum space,
Hˆ = −J
4
∑
k
γk
[
Sˆ+−kSˆ
−
k + Sˆ
−
−kSˆ
+
k + 2Sˆ
z
−kSˆ
z
k
]
+ ∆
∑
j
Szj , γk =
∑
j
eik·τ , (S1)
where τ labels the four nearest neighbor vectors. The spin operators in momentum space satisfy the commutation
relations
[
Sˆzk, Sˆ
±
k′
]
= ± Sˆ
±
k+k′√
N
,
[
Sˆ+k , Sˆ
−
k′
]
=
2Sˆz
k+k′√
N
.
Ferromagnetic ground state
The ferromagnetic ground states of Hˆ is given by |F 〉 = | ↓↓ . . . ↓↓〉 such that all spins are pointing in the zˆ-direction.
The energy of the ferromagnetic ground state is
Hˆ|F 〉 = EF |F 〉, EF = −2NJS2 −N∆. (S2)
Furthermore, the ground state satisfies Sˆ−j |F 〉 = 0, and Sˆzj |F 〉 = −S|F 〉. In momentum space, these two relations
become
Sˆ−k |F 〉 = 0, Sˆzk|F 〉 = −S
√
Nδk,0|F 〉. (S3)
One magnon eigenstates
There is a total ofN possible ways to do a single spin flip over the ferromagnetic ground state, S+i |F 〉 for i = 1, . . . , N ,
giving rise to a total of N one-magnon eigenstates. Single magnon eigenstates of Hˆ are exactly given by |k〉 = Sˆ+k |F 〉.
To show that this is the case, we note that HˆSˆ+k |F 〉 = [Sˆ+k Hˆ+ Rˆk]|F 〉, where
Rˆp = [Hˆ, Sˆ+p ] =
J√
N
∑
q
(γp − γp−q)
[
SˆzqSˆ
+
p−q − Sˆ+q Sˆzp−q
]
+ ∆S+p . (S4)
Using Eq.(S3), it can be shown that Rˆk|F 〉 = [∆ + JS(γ0 − γk)]Sˆ+k |F 〉. As a result,
HˆSˆ+k |F 〉 = [EF + εk]Sˆ+k |F 〉, εk = ∆ + JS(γ0 − γk), (S5)
and, therefore, |k〉 = Sˆ+k |F 〉 is an eigenstate of the Hamiltonian with energy εk over the vacuum energy. Because
〈k|p〉 = δk,p, the one magnon eigenstates |k〉 = Sˆ+k |F 〉 are properly normalized.
2Two magnon eigenstates
Spin wave theory assumes that M magnon eigenstates are superposition of M one-magnon eigenstates, for instance
|k,p〉 = 1√
2SMk
√
2SMp
Sˆ+k Sˆ
+
p |F 〉, (S6)
for Mk +Mp = 2. Such a basis has several problems, even in the simplest case M = 2. First, the two-magnon basis
in Eq.(S6) is overcomplete for S = 1/2. In particular, for S = 1/2, there is a total of N(N − 1)/2 ways to do two spin
flips on the lattice, giving rise to N(N − 1)/2 two-magnon eigenstates of Hˆ. However, there are in total N(N + 1)/2
ways in which k,p pairs of momenta can be chosen. Such problem does not arise for S > 1/2, as there is a total of
N(N + 1)/2 ways to do two spin flips on the lattice.
Secondly, the two-magnon basis in Eq.(S6) is neither orthogonal nor properly normalized. Indeed, the scalar product
of two elements of the basis is given by
〈F |Sˆ−−p′ Sˆ−−k′ Sˆ+k Sˆ+p |F 〉 = (2S)2(δk,k′δp,p′ + δk,p′δp,k′ − δk+p,k′+p′/N), (S7)
for S = 1/2, and
〈F |Sˆ−−p′ Sˆ−−k′ Sˆ+k Sˆ+p |F 〉 = (2S)2(δk,k′δp,p′ + δk,p′δp,k′) + 4S(S − 1)δk+p,k′+p′/N, (S8)
for S > 1/2. As a result, orthogonality and normalization of the two magnon basis (S6) is valid up to terms O(1/N).
Finally, and crucial for our discussion, the two-magnon basis (S6) is not an eigenstate of the Heisenberg Hamiltonian.
In particular, the effect of acting Hˆ on a two magnon state Sˆ+p Sˆ+k |F 〉 is given by
HˆSˆ+p Sˆ+k |F 〉 =
[
Sˆ+p Sˆ
+
kH+ Sˆ+p Rˆk + Sˆ+k Rˆp
]
|F 〉+ Qˆpk|F 〉, (S9)
where we defined
Qˆpk =
[[
HˆJ , Sˆ+p
]
, Sˆ+k
]
=
J
N
∑
q
(γq − γq−p − γq+k + γq−p+k) Sˆ+k+qSˆ+p−q. (S10)
Using Eq.(S3), we find that
HˆSˆ+p Sˆ+k |F 〉 = [EF + JS(γ0 − γk) + JS(γ0 − γp)] Sˆ+p Sˆ+k |F 〉+ Qˆpk|F 〉, (S11)
where the first term on the right-hand side is the usual spin wave contribution which is diagonal on the two-magnon
basis in Eq.(S6). The second term (Qˆpk), however, creates two magnon states with momenta p+ q and k− q, for all
q. As a result, different two-magnon states are coupled by the matrix elements
〈F |Sˆ−k+qSˆ−p−qHˆSˆ+k Sˆ+p |F 〉 =
J
N
(γq − γq−p − γq+k + γq−p+k) ≈ Ja
2
N
(k · p), (S12)
where we evaluated the matrix elements at low momenta.
Rather than dealing with the complications introduced by the two-magnon basis described above, it is possible to
calculate exactly the two-magnon eigenstate and compute the matrix element in terms of single magnon eigenstates
|k〉. This provides a minimal description of the interacting magnon fluid at small densities, na2  1. The wavefunction
for two-magnon states can be generically written as
|ψ〉 =
∑
ij
ψi,jSˆ
+
i Sˆ
+
j |F 〉, (S13)
where ψi,j = ψj,i. In the case S = 1/2, we do not need to explicitly set ψi,i = 0 because Sˆ
+
i Sˆ
+
i |F 〉 already gives 0.
We look for eigenstates of Hˆ, i.e. Hˆ|ψ〉 = E|ψ〉. With this objective in mind, we act Hˆ on two spin operators,
HˆSˆ+i Sˆ+j |F 〉 =
[
EF Sˆ
+
i Sˆ
+
j + 2JSSˆ
+
i
∑
τ
(Sˆ+j+τ − Sˆ+j ) + 2JSSˆ+j
∑
τ
(Sˆ+i+τ − Sˆ+i ) + 2JSˆ+i Sˆ+j δ〈i,j〉 − δijSˆ+i
∑
τ
Sˆ+i+τ
]
|F 〉,
(S14)
3where
∑
τ denotes summation over nearest neighbors. Projecting the results on 〈F |Sˆ−l Sˆ−m gives rise to the eigenvalue
equations
2JS
∑
τ
(ψl,m+τ − ψl,m + ψl+τ,m − ψl,m) + J
2
[ψl,m + ψm,l − ψl,l − ψm,m]δ〈l,m〉 = Eψl,m, (S15)
valid for m 6= l, and
2JS(ψl,l+1 − ψl,l) + 2JS(ψl+1,l − ψl,l) = Eψl,l, (S16)
valid for m = l. In Eq.(S15), δ〈l,m〉 is 1 if l and m are nearest neighbors and 0 otherwise, and we substracted EF from E.
Because of periodic boundary conditions, we can write ψi,j in the center of mass frame as ψi,j =
eiK·R
N
∑
q ψK,qe
iq·r,
where K = k + p, q = (k − p)/2, R = (ri + rj)/2 and r = ri − rj , which gives rise to the eigenvalue equations
(εk + εp − E)ψK,q = J
N
∑
kτ
cos(q · τ ) [cos(K · τ/2)− cos(k · τ )]ψK,k. (S17)
This is the two-magnon eigenvalue equation in the center of mass frame. The eigenstates of Eq.(S17) can be found
using the S-matrix approach. We first note that the exact eigenstates can be labeled with the momenta of the
incoming magnons, k = K/2 + q0 and p = K/2 − q0. Under this picture, the matrix elements for two magnon
scattering is given by
〈F |Sˆ−k+qSˆ−p−q|k,p〉 = ψK,q, (S18)
and 0 for momentum non-conserving processes. Singling out q0 in Eq.(S17), the eigenstate equations for the remaining
q vectors is given by
λqψq =
J
N
∑
p
Γqpψq +
J
N
Γqq0 , q 6= ±q0, (S19)
where we defined the quantities
λq = εK/2+q + εK/2−q − E, Γqp =
∑
τ
cos(q · τ ) [cos(K · τ/2)− cos(k · τ )] , (S20)
and, for compactness, we removed the subindex K from all quantities. Equation (S19) can be written more conve-
niently as
ψq =
J
N
1
λq
(Λq + Γqq0), (S21)
where Λq =
∑
p Γqpψp satisfies the self-consistent equation
Λq =
J
N
∑
p
(
Γqp
1
λp
Λp + Γqp
1
λp
Γpq0
)
, (S22)
The exact solution for Λk is
Λq =
∑
kp
(
1− J
N
Γkq
1
λq
)−1
J
N
Γkp
1
λp
Γpq0 . (S23)
Using Λq into Eq.(S21) results in the wavefunction in the center of mass frame:
ψq =
∑
p
(
1− J
N
Γpq
1
λq
)−1
J
N
1
λq
Γqq0 . (S24)
Within the Born approximation, the wavefunction can be approximated as ψq ≈ JN 1λq Γqq0 . Further, for small
wavevectors of the incoming particles, we can approximate Γqq0 ≈ a2(k · p). As a result, the exact two magnon
eigenstates (at low momenta of incoming particles) can be interpreted as the scattering states of two spin waves
coupled by the bare interaction of the form 〈F |Sˆ−k+qSˆ−p−q|k,p〉 ≈ Ja2(k · p).
4FIG. S1. (a) γk(z) plotted for different values |k|/mvth = 0, 1, 5 (increasing darkness). Indicated with dashed line is the linear
γk(z) ≈ z/8pi. (b) γk(z) exhibits a weak dependence on k, as shown for z = 1. At most, γk(z) varies by a factor of ∼ 2.5 as k
is varied.
B. RELAXATION TIME DUE TO EXCHANGE COUPLING
To estimate the typical relaxation time induced by the exchange interaction, we consider a magnon fluid at thermo-
dynamic equilibrium and zero drift velocity, n¯k = 1/(z
−1eεk/T −1). Let us a assume that, at t = 0, a non-equilibrium
distribution is formed with a bump at wavevector k, i.e. np = n¯p+δnkδk,p. The relaxation time for such a distribution
is given by
1
τk
=
(Ja2)2
N2
∑
pq
(k · p)22piδ(εk + εp − εk+q − εp−q) [n¯p(1 + n¯k+q)(1 + n¯p−q)− (1 + n¯p)n¯k+qn¯p−q] . (S25)
The relaxation time at wavevector k = |k| can be expressed as 1τk =
γk(z)
16pi
T 2(ka)2
J , after pulling the k vector out of the
integral, normalizing energies with T , and momenta with
√
2mT . The dimensionless number γk(z), plotted in Fig.S1,
has a weak dependence on k and scales approximately as ∝ z. Rather than keeping this uninteresting k dependence of
γk, here define an average γ of all k vectors and z values, γ(z)/z =
∫ 1
0
dz/z
∫
d2k˜/(2pi)2γk(z), which yields γ(z) ≈ cz,
with c ∼ 0.1. In thermal equilibrium, the typical relaxation time for thermal magnons is given by τ¯ = 8piγ g1(z)zg2(z) J
2
T 3 .
The relaxation length of thermal magnons is given by ξ = vthτ¯ , where v
2
th =
1
2pimn
∫∞
0
dkk3n¯k = 2mTg2(z)/g1(z) is
the thermal velocity. In the limit z  1, this gives Eq.(1) of the main text.
C. ESTIMATING TRANSPORT COEFFICIENTS FROM THE RELAXATION TIME APPROXIMATION
To compute the leading order corrections to Pαβ and qα beyond the local equilibrium approximation, we need to
determine δnk induced by gradients in n, uα, and θ. With this objective in mind, we replace nk = n¯k + δnk into
Boltzmann equation (6) of the main text, and keep leading order terms in δnk:
(∂t + vk,α∂α + Fα∂kα) n¯k = I(n¯k + δnk). (S26)
Here we assumed that δnk  n¯k, such that the leading order contributions on the left-hand is given by the derivatives
(both space and time) of n¯k. The right-hand side is already leading order in δnk because I(n¯k) = 0 by definition of
n¯k.
We begin the analysis by considering the left-hand side of Eq.(S26). We recall that n¯k(n, uα, θ) is the local
distribution function which depends implicitly on n, uα and θ via Eq.(10) of the main text. As such, computing the
time and spatial derivatives of n¯k leads to
[∂t + vk,α∂α] n¯k = [n˙+ vk,α∂αn] ∂nn¯k
∣∣
θ,uα
+
[
θ˙ + vk,α∂αθ
]
∂θn¯k
∣∣
n,uα
+ [u˙α + vk,β∂βuα] ∂uα n¯k
∣∣
n,θ
, (S27)
where we denote ∂n¯k/∂x|y,z as the derivative of n¯k with respect to x, leaving y and z constant. In Eq.(S28), we
replace the time derivatives n˙, u˙α, and θ˙ by the hydrodynamic equations (12) of the main text in the local equilibrium
approximation, i.e. using Pαβ = δαβnθ/m and qα = 0, and use the identity ∂n¯k/∂uα|n,θ = −[∂n¯k/∂θk]mv˜k,α. This
5results in
[∂t + vk,α∂α + Fα∂kα ] n¯k =
[
δαβ∂nn¯k
∣∣
θ,uα
+
m
n
∂nPαβ∂θk n¯k
]
v˜k,β∂αn+
[
δαβ∂θn¯k
∣∣
n,uα
+
m
n
∂θPαβ∂θk n¯k
]
v˜k,β∂αθ
−
[
δαβn∂nn¯k
∣∣
θ,uα
+
m
n
Pαβ∂θn¯k
∣∣
n,uα
+mv˜k,αv˜k,β∂θk n¯k
]
∂αuβ ,
(S28)
where we used Fα∂kα n¯k = Fα[∂n¯k/∂θk]v˜k,α. The terms in brackets in Eq.(S28) are thermodynamic functions that
depend on the local values of (T, z, wα), and are given by
[∂t + vk,α∂α + Fα∂kα ] n¯k =
[
2pi
mT
(
hn(z) + h˜n(z)
θk
T
)
v˜k,α∂αn+
2pi
T
(
hθ(z) + h˜θ(z)
θk
T
)
v˜k,α∂αθ
+
(
δαβ
θk
T
− mvk,αvk,β
T
)
∂αuβ
]
n¯k(n¯k + 1),
(S29)
where the dimensionless coefficients hn,θ(z) and h˜n,θ(z) are given by
hn(z) =
zg22 − (1− z)g2g21
zg2g21 − (1− z)g41/2
, h˜n(z) =
[
1
g1
+
zg2
g21(1− z)− 2zg2
]
,
hθ(z) =
zg22 − (1− z)g2g21
zg2g21 − (1− z)g41/2
, h˜θ(z) =
[
1
g1
+
zg2
g21(1− z)− 2zg2
]
.
(S30)
Let us now turn to the right-hand side of Eq.(S26). There are many schemes to calculate I[n¯k + δnk]. The
simplest approach is to use the relaxation time approximation. In this approximation, the collision integral is written
as I[n¯k + δnk] ≈ −δnk/τk, where τk is defined in Eq.(S46). Importantly, we keep the explicit dependence magnon
wavevector. We note that Eq.(S46) was calculated using uα = 0, and remains to be valid in the regime uα <∼
√
T/m
[corrections to 1/τk due to finite drift velocity are O(u2α)]. As a result, δfk becomes proportional to gradients in n,
θ, and uα:
δnk = τk
[
2pi
mT
(
hn(z) + h˜n(z)
θk
T
)
v˜k,α∂αn+
2pi
T
(
hθ(z) + h˜θ(z)
θk
T
)
v˜k,α∂αθ
+
(
δαβ
θk
T
− mvk,αvk,β
T
)
∂αuβ
]
n¯k(n¯k + 1).
(S31)
Using nk = n¯k + δnk in Eq.(11) of the main text, and integrating over k leads to
Pαβ =
nθ
m
δαβ + µ (∂αuβ + ∂βuα)− µδαβ∂γuγ , qα = κn∂αn+ κθ∂αθ, (S32)
where only linear terms on ∂αn, ∂αθ, and ∂αuβ were considered (i.e., gradients of thermodynamic quantities are
small). For a two-dimensional magnon gas with quadratic dispersion and collision rate of the form 1/τk ∝ k2 (i.e.,
only considering exchange coupling), the relaxation time yields that dissipation is dominated by viscocity µ(T, z) =
pi
2
J2g1(z)
T γ¯(z) , while κn = κθ are second order effects compared to µ. In particular, κn and κθ are dominated by deviations
to quadratic dispersion and/or finite scattering at low scattering, e.g. dipolar interactions.
D. TRANSVERSE SPIN FLUCTUATIONS
The spectral weight of the correlator χ+−(k, ω) = −i
∫∞
0
dteiωt〈[Sˆ−−k, S+k (0)]〉 is concentrated at the magnon fre-
quency ωk = ∆+εk and is associated to the production of a single magnon. Off-resonant processes, however, give rise
to a finite contribution to χ−+(k, ω) even below the magnon gap, see Fig.S2(a). As such, we estimate the contribution
of such processes in the noise spectrum and show that they give a small contribution to χ+− compare to that of the
sound mode. With this objective in mind, we calculate the leading order contribution of the imaginary part of the
magnon self-energy Σ(k, ω), and approximate the correlation function as
χ+−(k, ω) =
1
ω − ωk + iΣ′′(k, ω) , (S33)
6FIG. S2. (a) In addition to the sound mode, off-resonant processes can also give a finite contribution to χ−+ below the magnon
gap. (b) Sunrise diagram contributing to the magnon self-energy of χ−+.
where energy shifts to the single magnon dispersion are neglected. From the effective interaction in Eq.(5) of the
main text, this is given by the second order process depicted in Fig.S2(b). In terms of Matsubara frequencies, it can
be written as
Σ(k, ω) = −J2a4
∑
pq
∑
iω′niω′′n
(k · p)2 1
(iω′n − ωp)(iωn + iω′′n − ωk+q)(iω′n − iω′′n − ωp−q)
. (S34)
The retarded correlator is obtained by analytical continuatio iωn → ω + i and taking the imaginary part of the
resulting expression:
Σ′′(k, ω) = J2a4
∑
pq
(k · p)2δ(ω −∆ + εp − εk+q − εp−q)(np − n˜p)(1 + nk+q + np−q), (S35)
where we denote n˜p = n(εk + ω). A similar analysis follows for the correlator χ+−(ω) ≈ δ(ω + ωk). Dimensional
analysis in the limit ω  T yields Σ′′ scaling as Σ(k, ω) = TωJ (ka)2.
E. MEASUREMENT OF MAGNON SOUND MODES
We consider a spin-1/2 qubit with an intrinsic level splitting ωq placed a distance d above the magnetic insulator.
The dynamics of the qubit and the ferromagnet is governed by the Hamiltonian Hˆ = HˆF + HˆF−q + Hˆq. Here HF is
the Hamiltonian of the ferromagnet, see main text. The term Hˆq is the qubit Hamiltonian given by Hˆq = 12ωnq · σ,
where nq is the intrinsic polarizing field of the spin probe. For instance, in the case of NV centers in diamons, nq is
the axis of the NV defect in the diamond lattice. Finally, the term HˆF−q is the qubit-ferromagnet coupling, given by
HF−q = µ
2
B
2
σˆ · Bˆ, Bˆ = 1
4pi
∑
j
[
Sˆj
r3j
− 3(Sˆj · rj)rj
r5j
]
, (S36)
where B is the magnetic field at the position of the probe induced by dipolar interactions with the 2D ferromagnet,
and rj = (xj , yj ,−d) is the relative position between the i-th spin in the 2D lattice and probe.
In thermal equilibrium, the 2D ferromagnet is described by the density matrix ρF =
∑
n e
−εn/kBT |n〉〈n|, where |n〉
are the eigenstates of the ferromagnet. The absorption rate, 1/T1,abs, and emission rate, 1/T1,em, is obtained from
Fermi Golden’s rule using the initial state |i〉 = |−〉 ⊗ ρF and |i〉 = |+〉 ⊗ ρF, respectively:
1/Tabs,em = 2pi
∑
nm
ρnB
±
nmB
∓
mnδ(ω ± εmn). (S37)
Here Bαnm denotes 〈n|Bˆα|m〉, and εmn is the energy difference between states m and n, εmn = εm−εn. The relaxation
rate is defined as 1/T1 =
1
2 [1/Tabs + Tem]. More compactly, 1/T1 can be expressed as
1
T1
=
µ2B
2
∫ ∞
−∞
dteiωt〈{Bˆ−(t), Bˆ+(0)}〉. (S38)
For computation it is more convenient to express 1/T1 in terms of retarded correlation functions. In this direction,
the fluctuation-dissipation theorem reads∫ ∞
−∞
dteiωt〈{Bˆ−(t), Bˆ+(0)}〉 = coth
( ω
2T
)
Im
[
χRB−B+(ω)
]
, (S39)
7where χRB−B+(ω) = −i
∫∞
0
dt〈[Bˆ−(t), Bˆ+(0)]〉 is the retarded correlation function.
Finally, 1/T1 can be expressed in terms of spin-spin correlation functions. Expressing Sˆ
α
τ =
∑
k
eik·τ√
N
Sˆαk in momen-
tum space and inserting into Eq.(S36), we can express Bˆα in terms of S±k and S
z
k. Without loss of generality, we
assume k = (k, 0). For Bˆx, we find
Bˆxk =
∑
j
eikxj
[(
1
r3j
− 3x
2
j
r5j
)
Sxk −
3xjyj
r5j
Syk +
3xjd
r5j
Szk
]
. (S40)
Using the continuum approximation to approximate
∑
j → 1a2
∫
d2x, the first term on the right-hand side of Eq.(S40)
is ∑
j
eikxj
(
1
r3j
− 3x
2
j
r5j
)
→ 1
a2
∫∫
dxdy eikx
(
1
r3
− 3x
2
r5
)
=
2
a2
∫
dxeikx
d2 − x2
(d2 + x2)2
=
2
da2
∫
dξei(kd)ξ
1− ξ2
(1 + ξ2)2
.
(S41)
In the last step, we can use the residue theorem to express
∫∞
−∞ dξe
i(kd)ξ 1−ξ2
(1+ξ2)2 as
∮
dzei(kd)z 1−z
2
(1+z2)2 = pi(kd)e
−kd,
where for kd > 0 we use a contour of integration in the upper-half complex plane. As a result, we obtain∑
j
eikxj
(
1
r3j
− 3x
2
j
r5j
)
≈ ke
−kd
2a2
, (S42)
exact in the continuum limit. For the second term on the right-hand side of Eq.(S40), we find
∑
j e
ikxj xjyj
r5j
= 0.
Finally, for the third term in the right-hand side of Eq.(S40), we find
3
∑
j
eikxj
xjd
r5j
≈ 3ikd
a2
∫∫
dx dy
x2
r5
=
ik
2a2
. (S43)
Repeating the same procedure for Bˆy and Bˆz, and generalizing our results for a generic k = (kx, ky), we obtain
Bˆα = 1√
N
∑
kB
α
k , with  BˆxkBˆyk
Bˆzk
 = e−|k|z
2a2
 k2x/|k| kxky/|k| ikxkxky/|k| k2y/|k| iky
ikx iky −|k|
 SˆxkSˆyk
Sˆzk
 . (S44)
The B±k = B
x
k ± iByk terms can be written as a function of S±k and Szk such that Eq.(S44) can be recasted as Bˆ+kBˆ−k
Bˆzk
 = e−|k|z
2a2
 |k|/2 (kx + iky)2/2|k| ikx − ky(kx − iky)2/2|k| |k|/2 ikx + ky
(ikx + ky)/2 (ikx − ky)/2 −|k|

 Sˆ+kSˆ−k
Sˆzk
 . (S45)
Using Eq.(S45) in Eq.(S38), the spin qubit relaxation time is given by
1
T1
= coth
( ω
2T
) µ2B
2a2
∫
d2k
(2pi)2
e−2|k|d|k|2 [χR−+(k, ω) + χR+−(k, ω) + 4χRzz(k, ω)] , (S46)
where we denote χRαβ(k, ω) = −i
∫∞
0
dt〈[Sˆα−k(t), Sˆβk(0)]〉.
F. EFFECT OF DIPOLAR INTERACTIONS
Dipolar interactions, which can be sizable in a two-dimensional ferromagnet, introduce a variety of effects that need
to be carefully taken into account. For instance, they add a gap to the excitation spectrum, modify the collision
term by adding hard-core repulsion, and induce magnon leakage via three body interactions. We incorporate dipolar
interactions via the term
Hˆd = µ
2
B
4pi
1
2
∑
jj′
[
Sˆj · Sˆj′
r3jj′
− 3(Sˆj · rjj′)(Sˆj′ · rjj′)
r5jj′
]
, (S47)
8where µB is the Bohr magneton, and rjj′ is the relative distance between spins j and j
′. It is important to conside
the combined effect of the Zeeman term,
Hˆz = ∆
∑
i
Sˆzi , (S48)
and dipolar interactions. In particular, in the presence of a Zeeman field, it is convenient to pick a quantization axis
which is canted from the 2D plane r = (x, y, 0),
Sˆzj → cos θSˆzj − sin θSˆxj , Sˆxj → cos θSˆxj + sin θSˆzj , Sˆyj → Sˆyj , (S49)
where θ will be conveniently chosed below. Inserting Eq. (S49) into Eq. (S47), we find
Hˆd = µ
2
B
8pi
∑
jτ
1
τ3
[
Sˆxj Sˆ
x
j+τ
(
1− 3 cos2 θ τ
2
x
τ2
)
+ Sˆyj Sˆ
y
j+τ
(
1− 3τ
2
y
τ2
)
+ Sˆzj Sˆ
z
j+τ
(
1− 3 sin2 θ τ
2
x
τ2
)
−6 sin θ cos θ τ
2
x
τ2
Sˆxj Sˆ
z
j+τ − 6 cos θ
τxτy
τ2
Sˆxj Sˆ
y
j+τ − 6 sin θ
τxτy
τ2
Sˆzj Sˆ
y
j+τ
]
,
(S50)
where τ denotes relative positions between spins on a two-dimensional square lattice (not restricted to nearest neigh-
bors). After rearranging terms, we find
Hˆd = 3µ
2
B
8pi
∑
jτ
1
τ3
[(
Sˆj · Sˆj+τ
)(1
3
− τ
2
x
τ2
)
+ sin2 θ
τ2x
τ2
Sˆxj Sˆ
x
j+τ + cos
2 θ
τ2x
τ2
Sˆzj Sˆ
z
j+τ −
τ2y − τ2x
τ5
Sˆyj Sˆ
y
j+τ
−2 sin θ cos θ τ
2
x
τ2
Sˆxj Sˆ
z
j+τ − 2 cos θ
τxτy
τ2
Sˆxj Sˆ
y
j+τ − 2 sin θ
τxτy
τ2
Sˆzj Sˆ
y
j+τ
]
.
(S51)
Note that the first term on the right-hand side can be incorporated into the definition of J with a small anisotropy
in the x direction which we will neglect. For convenience, we define Hˆd = Hˆzz + Hˆxz + Hˆxx + Hˆyy + Hˆxy + Hˆyz, with
Hˆzz = εd cos2 θ a
3
piS2
∑
jτ
τ2x
τ5
Sˆzj Sˆ
z
j+τ , Hˆxx = εd sin2 θ
a3
piS2
∑
jτ
τ2x
τ5
Sˆxj Sˆ
x
j+τ , Hˆxz = −2εd sin θ cos θ
a3
piS2
∑
jτ
τxτy
τ5
Sˆxj Sˆ
z
j+τ ,
Hˆyy = εd a
3
piS2
∑
jτ
τ2y − τ2x
τ5
Sˆyj Sˆ
y
j+τ , Hˆxy = −2εd cos θ
a3
piS2
∑
jτ
τxτy
τ5
Sˆxj Sˆ
y
j+τ , Hˆyz = −2εd sin θ
a3
piS2
∑
jτ
τxτy
τ5
Sˆyj Sˆ
z
j+τ ,
(S52)
where we defined the dipolar energy as
εd =
3S2µ2B
4a3
. (S53)
The Zeeman splitting term in the rotated frame is given Hˆz = Hˆx + Hˆz given by
Hˆx = ∆ cos θ
∑
j
Sˆxj , Hˆz = −∆ sin θ
∑
j
Sˆzj . (S54)
Focusing on Hˆzz first, we define Sˆzj = −S(1− nˆj), which leads to
Hˆzz = εd cos2 θa
3
pi
∑
jτ
τ2x
τ5
(1− 2nˆj + nˆj nˆj+τ ) = εd cos2 θ
NS − 2∑
j
nˆj +
a3
pi
∑
jτ
τ2x
τ5
nˆj nˆj+τ
 , (S55)
and where, in the last step, we used ∑
τ
e−ik·τ
τ2x
τ5
=
pi
a3
+O(q2). (S56)
9Similarly, for Hˆxz we find
Hˆxz = 2εd sin θ cos θ a
3
piS
∑
jτ
τ2x
τ5
Sˆxj (1− nˆj+τ ) =
2εd sin θ cos θ
S
∑
j
Sˆxj −
a3
pi
∑
jτ
τ2x
τ5
Sˆxj nˆj+τ
 . (S57)
Turning to Hˆxx and using Sˆxj = (Sˆ+j + Sˆ−j )/2, we find
Hˆxx = εd sin
2 θ
4
a3
piS2
∑
jτ
τ2x
τ5
(
Sˆ+j Sˆ
+
j+τ + Sˆ
−
j Sˆ
−
j+τ + 2Sˆ
+
j Sˆ
−
j+τ
)
=
εd sin
2 θ
4S2
∑
k
(
Sˆ+−kSˆ
+
k + Sˆ
−
−kSˆ
−
k + 2Sˆ
+
−kSˆ
−
k
)
, (S58)
where, in the last step, we used Eq.(S56). The term Hˆxx introduces coherent creation/destruction of two magnons.
The term Hˆxy also introduces similar two-magnon processes as those in Hˆxx,
Hˆxy = −εd cos θ
2i
a3
piS2
∑
jτ
τxτy
|τ |5
(
Sˆ+j Sˆ
+
j+τ − Sˆ−j Sˆ−j+τ
)
= −2εd cos θ
ipiS2
∑
k
kxky
a
(
Sˆ+−kSˆ
+
k − Sˆ−−kSˆ−k
)
, (S59)
but the matrix elements of Hˆxy are O(q2) smaller than those corresponding to Hˆxx [in the last step of Eq.(S59), we
used
∑
τ e
ik·τ τxτy
τ5 =
4kxky
a +O(k4)]. As a result, we neglect Hˆxy. Finally, for Hˆyz, we find
Hˆyz = −2εd sin θ a
3
piS
∑
jτ
τxτy
τ5
Sˆyj (1− nj+τ ) = −2εd sin θ
a3
piS
∑
jτ
τxτy
τ5
Sˆyj −
∑
jτ
τxτy
τ5
Sˆyj nˆj+τ

= 6εd sin θ
a3
piS
∑
jτ
τxτy
τ5
Sˆyj nˆj+τ ,
(S60)
where the first term in the third equality is zero because
∑
τ τxτy/τ
5 = 0, thus giving only a cubic term. The cubic
term, however, has matrix elements O(q2) smaller than those corresponing to Hˆxz because of the factors τxτy. As a
result, we neglect the matrix elements introduced by Hˆyz when compared to those in Hˆxz.
The Zeeman splitting term Hˆx and the dipolar term Hˆxz both generate terms which are linear in Sˆxi . In particular,
Hˆx + Hˆxz = −∆ sin θ
∑
j
Sˆxj +
2εd sin θ cos θ
S
∑
j
Sˆxj −
2εd sin θ cos θ
S
∑
jτ
τ2x
τ5
Sˆxj nˆj+τ . (S61)
As a result, we conveniently define θ such that the linear term is cancelled. This leads to
cos θ =
S∆
2εd
, 0 ≤ S∆ ≤ 2εd,
θ = 0, S∆ > 2εd.
(S62)
Therefore, in this case, the terms
Hˆx + Hˆxz = −2εd sin θ cos θ
S
∑
jτ
τ2x
τ5
Sˆxj nˆj+τ , (S63)
lead to a cubic interaction term only.
In the same spirit, combining Hˆz from Zeeman splitting and Hˆzz from dipolar interaction, we find
Hˆz + Hˆzz =
(
∆S cos θ − 2εd cos2 θ
)∑
j
nˆj + εd cos
2 θ
a3
pi
∑
jτ
τ2x
τ5
nˆj nˆj+τ . (S64)
As a result, the combination of Hz and Hzz gives rise to a magnon gap induced by Zeeman splitting and dipolar
interactions, and a quartic interaction induced by dipolar interactions.
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Effective Hamiltonian
To cast the dipolar Hamiltonian into a long-wavelength, effective Hamiltonian, we use the Holstein-Primakoff
transformation to leading order, which results in∑
jτ
τ2x
τ5
nˆj nˆj+τ =
∑
jτ
τ2x
τ5
aˆ†j aˆ
†
j+τ aˆj+τ aˆj =
∑
kpq
(∑
τ
e−iq·τ
τ2x
τ5
)
aˆ†k+qaˆ
†
p−qaˆpaˆk ≈
pi
a3
∑
kpq
aˆ†k+qaˆ
†
p−qaˆpaˆk. (S65)
In the last step, we used Eq.(S56). In addition, for Eq.(S63), we use∑
jτ
τ2x
τ5
Sˆxj nˆj+τ =
√
S
2
∑
jτ
τ2x
τ5
(
aˆ†j aˆ
†
j+τ aˆj+τ + aˆ
†
j+τ aˆj+τ aˆj
)
=
√
S
2N
∑
kpτ
τ2x
τ5
[
e−p·τ aˆ†paˆ
†
kaˆk+p + e
−ik·paˆ†k+paˆpaˆk
]
≈
√
S
2N
pi
a3
∑
kp
(
aˆ†paˆ
†
kaˆk+p + aˆ
†
k+paˆpaˆk
)
.
(S66)
Putting everything together, we find that, at long wavelength, the dipolar and Zeeman Hamiltonian can be effectively
written as
Hˆd + Hˆz ≈
∑
k
[
∆aˆ†kaˆk + λ2
(
aˆkaˆ−k + aˆ
†
kaˆ
†
−k
)]
− λ3√
N
∑
kp
(
aˆ†paˆ
†
kaˆk+p + aˆ
†
k+paˆpaˆk
)
+
λ4
N
∑
kpq
a†p+qaˆ
†
k−qaˆpaˆk,
∆˜ =
(
∆S cos θ − 2εd cos2 θ
)
+
εd sin
2 θ
S
, λ2 =
εd sin
2 θ
2S
, λ3 = εd
√
2/S sin θ cos θ, λ4 = εd cos
2 θ.
(S67)
Bogoliubov transformation
For sufficiently small Zeeman fields, the canting angle is 0 < θ ≤ pi/2, and λ2,3 are finite. The quadratic part of the
Heisenberg Hamiltonian combined with Eq.(S67),
Hˆ2 =
∑
k
[
(∆ + εk)aˆ
†
kaˆk + λ2(aˆkaˆ−k + aˆ
†
kaˆ
†
−k)
]
, (S68)
can be diagonalized using a Bogoliubov transformation:
aˆk = skβˆk + tkγˆ
†
−k, aˆ−k = skβˆk + tkγˆ
†
−k, (S69)
where sk and tk are k-dependent real numbers. It is straightforward to show that
sk = coshϕk, tk = sinhϕk, (S70)
diagonalizes Hˆ2,
Hˆ2 =
∑
k
Ek
[
β†kβk + γ
†
kγk
]
, Ek =
√
(εk + ∆)2 − λ22, (S71)
where ϕk is the solution of
sinh 2ϕk = − λ2
2Ek
. (S72)
Several comments are in order. First, we note that the magnon dispersion is quadratic, with or without dipolar
interactions. In particular, in the presence of dipolar interactions, there will be a small correction to the magnon
mass at low energies on the order of O(εd/J), and which we will neglect (quadratic dispersion greatly simplifies
the hydrodynamic description, as will be discussed below). Second, we are mainly interested on the hydrodynamic
behavior at large T such that magnon-magnon collision become important. In the regime εd  T  J , most magnons
will typically have large kinetic energies εk such that corrections due to the Bogoliubov transformation are negligible.
For sufficiently large Zeeman fields, when ∆ ≥ εd and θ = 0, then the coupling terms verigy λ2,3 = 0. In this case,
the quadratic part of HˆJ + Hˆd + Hˆz is already diagonal in the (aˆk, a†k) basis and there is no need for a Bogoliubov
transformation. Having all these considerations in mind, in our hydrodynamic calculations we set λ2 → 0 from the
beginning.
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Magnon leakage
Three magnon processes in Eq.(S67) do not preserve particle number. This means that the distribution function
n¯k in Eq.(9) of the main text is a quasi-equilibrium distribution if 0 < z < 1. The total magnon leakage rate can be
calculated as
dn
dt
= − λ
2
3
N2
∑
kp
2piδ(εk + εp + ∆− εk+p) [n¯kn¯p(1 + n¯k+p)− (1 + n¯k)(1 + n¯p)n¯k+p] . (S73)
Here we note that three magnon processes are not necessarily suppressed by energy and momenta conservation. For
instance, if the incoming magnon states have momenta that verifies k · p = m∆, then energy and momentum is
conserved after the collision. For concreteness, let us assume that uα 
√
T/m, which leads to
dn
dt
= −γleak(z
2 − z3)
4pi
Tλ23
J2a2
, γleak =
16pi
z3
∫
dk˜
(2pi)2
∫
dp˜
(2pi)2
δ[k˜2 + p˜2 + ∆˜− (k˜ + p˜)2]n¯k˜n¯p˜n¯k˜+p˜ek˜
2+p˜2 , (S74)
where we normalized k˜ = k/kth. Similarly to the collision integral in Eq.(S25), γleak(z) can be shown to be γleak ∼
O(1). From here we can define the leakage rate
1
τleak
=
1
n
dn
dt
=
γleakλ
2
3
2J
(z2 − z3). (S75)
Using J ∼ 1000 K, λ3 ∼ 1 K, and z ≈ 0.9, we obtain 1/τleak ∼ 5 MHz. As such, magnon number can be assumed to
be a good conserved quantity for the GHz frequencies of interest.
